In this paper, we give an example of a compact mean-convex hypersurface with a single singular point moved by mean curvature having a sequence of singular epochs (times) converging to zero.
Introduction
The regularity and singularity of mean curvature flow, which is a one-parameter family of hypersurfaces in R n+1 moving by its mean curvature, have been studied by many authors. For any initial surface which is a smooth compact hypersurface in R n+1 , mean curvature flow has a unique classical solution locally in time (for example see [13] , [3] ) but may develop singularities in finite time. In particular, there is a smooth compact mean curvature flow which develops a singularity and does not shrink to a point at the same time, known as Grayson's "neck-pinching" example [10] . On the other hand, the mean curvature flow has a short-time smoothing effect due to its parabolicity. Indeed, Ecker-Huisken [6] proved existence and smoothing effect of a solution for some locally Lipschitz initial surfaces by establishing local interior regularity estimates. Evans-Spruck [8] proved local interior regularity for a level set flow, which is one of weak solutions of mean curvature flow ( [5] [7] [9] ), provided that it is given locally as the graph of a continuous function. In addition, recently, Tonegawa and his co-authors [12] [14] [15] proved some existence and regularities of a Brakke flow, which is also one of weak solutions ( [4] ), containing the local existence of classical solution for a C 1 initial surface (with transport term).
To be more precise, [12] and [15] are the regularity part, and [14] is the existence part. Therefore, the natural question arises: is any singularity smoothed out instantly?
Our main result is existence of an example of a hypersurface, which has only one singular point but is not smoothed out instantly. It is rigorously given in our main theorem (Theorem 2.1) but its rough shape is as drawn in Figure 1 . We prove that the flow pinches at infinitely many epochs (times) t j ↓ 0 by comparing Angenent's doughnuts and balls. We describe the result in terms of the level set method, introduced by Chen-Giga-Goto [5] and EvansSpruck [7] (see a self-contained book by Giga [9] for details). This method can define a (generalized) interface evolution for all times, even when an initial surface is not regular enough, or singularities are developed, or both. Nevertheless, in the case of compact smooth initial surface, this evolution coincides with the classical solution of mean curvature flow until singularities are developed. The interface evolution is uniquely determined by given initial surface which is the boundary of an open set, although it is not necessary unique in the sense of a "surface evolution". The reason is that an interface evolution can fatten, namely, have an interior point at some time. Thus, in this method, one should be careful to check whether there occurs fattening phenomenon.
In the case of the mean-convex flow, namely the mean curvature flow of hypersurfaces with positive mean curvature, its properties are well studied compared with a general flow. Our example is mean-convex in the sense of White [17] , so we know several properties for such a flow. For instance, the size of the singular set of mean-convex flow has an upper bound [17] . In particular, if n = 2, the interface evolution is smooth for almost every time. Our example shows that the set of times (epochs) when the surface is singular can be an infinite set. Moreover, for any compact smooth mean-convex initial surface, it is expected that the singularity occurs only at finitely many epochs (for example in [16] ). Our example shows that there is a chance that the set of singular epochs is not finite even if an initial surface has only one singular point. 
Main result
Here is our main theorem. (1) Γ 0 is compact, connected, and axisymmetric; (2) all points except one point in Γ 0 are C ∞ -regular and mean-convex points; (3) Γ 0 generates the interface evolution of the mean curvature flow Γ = t≥0 Γ t × {t} which does not fatten; (4) for any t 0 > 0, there exists 0 < t < t 0 such that Γ t has singularities.
Remark 2.2. (i) If we do not assume connectivity, an example of initial surface developing infinitely many singular epochs is easily provided by taking a countable union of dwindling spheres. (ii) Our statement holds in the sense of Brakke flow because our example constructed in the next section is mean-convex in the sense of White (see [17, Theorem5 .1] and [11] ) so that the level set flow is nothing but a Brakke flow. (iii) We can show that, at least, an axisymmetric smooth initial hypersurface does not develop a singularity as our example provides since it develops singularities only at finitely many times as proved in [1] . It seems true in mean-convex case because a mean-convex smooth initial hypersurface develops only convex-type singularities by [18] and [19] .
Construction
We construct an example concretely in order to prove Theorem 2.1. This construction is based on the important property of mean curvature flow and two examples of a classical solution as follows. Example 3.2 (Spheres). The sphere S n (x, R) = {y ∈ R n+1 | |y − x| = R} shrinks to x without changing shape since the curvature is the same all around. The radius at time t is R 2 − 2nt, therefore the sphere disappears at time R 2 /2n. Example 3.3 (Shrinking doughnuts). For n ≥ 2, Angenent [2] showed that there exists a self-shrinking doughnut
. Namely, T n is created by rotating some simple closed curve γ around the x 0 -axis, where γ is contained in {(x 0 , x 1 , 0, . . . , 0) ∈ R n+1 | x 1 > 0} and symmetric with respect to reflection in the x 1 -axis. T n shrinks to the origin without changing shape. For given T n , we can define the radius of the hole ε := min{x 1 | (x 0 , x 1 , 0, . . . , 0) ∈ γ} and the thickness R := max{2x 0 | (x 0 , x 1 , 0, . . . , 0) ∈ γ}.
In this paper, we fix a shape of T n . Then, we can uniquely determine the doughnut T n (x, τ ) which shrinks to x and disappears at time τ . For T n (x, τ ), the radius of hole ε τ and the thickness R τ are determined as above and only depend on τ . We can easily show ε τ ↓ 0 and R τ ↓ 0 as τ ↓ 0. Using these property and examples, we can easily show a "neck-pinching" singularity as [2] . Now we construct our example. Let r > 0, 0 < δ ≤ r/2. We define f r,δ :
where ⋆ denotes convolution and φ δ : R → R ≥0 is the Friedrichs' mollifier as follows:
3) In addition, we define g(x) := 4|x|, g r/2 := g ⋆ φ r/2 , m r := min g r/2 = g r/2 (0),
(otherwise). Finally, we define F : R → R ≥0 by
where δ k > 0 is defined as follows:
It turns out that the hypersurface created by rotating the graph of F with respect to x 0 -axis given by
(as Figure 1 ) satisfies all conditions of Theorem 2.1. There is only one singular point (30, 0, . . . , 0) of Γ 0 .
We shall check that Γ 0 in (3.9) satisfies the conditions of Theorem 2.1. 9, 0, . . . , 0) is also a C ∞ -regular point since there exists some neighborhood U of (m 1 − 9, 0, . . . , 0) such that
Thus the regularity part of (2) is satisfied. Proof of the mean-convexity part of (2) and (3) are somewhat complicated, thus it is shown later: Propositions 3.4 and 3.6.
We prove (4). Fix any t 0 > 0. Then there exists sufficient large k such that 1/(2n · 2 2(k+1) ) < t 0 . By definition of Γ 0 , we know that Γ 0 encloses two spheres S n (a k , 1/2 k ), S n (a k+1 , 1/2 k+1 ) and has a "neck" which is circled by the doughnut
, and τ k is defined in (3.8) (see Figure 2 ). These two spheres do not disappear while t < 1/2n · 2 2(k+1) , whereas the doughnut disappers at τ k ∈ (0, 1/2n · 2 2(k+1) ). Thus we get a "neck-pinching" at time τ k < t 0 by Lemma 3.1, and conclude that the condition (4) is satisfied. Inward mean curvature of the hypersurface given by
at (x 0 , . . . , x n ) is represented as
Therefore, if we show that F as (3.7) satisfies I[F ] > 0 in (m 0 − 9, 30), then we know that any (x 0 , . . . , x n ) ∈ Γ 0 satisfying m 1 − 9 < x 0 < 30 is a mean-convex point.
If F ′′ (x) ≤ 0 holds at x, then inward mean curvature at corresponding points in Γ 0 is obviously positive by representation (3.11). Hence we should only show thath δ := h δ ⋆ φ δ satisfies I[h δ ] > 0 in [0, 5δ] for all δ > 0, where h δ (x) := max{δ, x/4} and φ δ is (3.3) . By direct computation, we get
where C is (3.4) and e = exp(1). In addition, since 1/C is integration of the positive function exp(−1/(1 − x 2 )) in [−1, 1] and exp(−1/(1 − x 2 )) ≥ e −4/3 in [−1/2, 1/2], we get C ≤ e 4/3 . Hence, noting e 1/3 < 2, we get
To prove Proposition 3.6, we recall a non-fattening criteria.
Lemma 3.5 (Non-fattening criteria). Let D 0 ⊂ R n+1 be a bounded open set, Γ 0 := ∂D 0 , and E 0 := Γ 0 ∪ D 0 . Denote the cross-section of the interface (resp. open, closed) evolution with initial data Γ 0 (resp. D 0 , E 0 ) at time t by Γ t (resp. D t , E t ) ⊂ R n+1 . If E t ⊂ D 0 for all t > 0, then Γ t has no interior point for any t. In particular, if Γ 0 is compact and all points in Γ 0 are C ∞ -regular mean-convex points, then E t ⊂ D 0 for all t > 0.
Proof. See [9, Theorem 4.5.6, Theorem 4.5.7].
Propositon 3.6. Γ 0 generates the interface evolution not fattening .
Proof. Denote the inner region of Γ 0 by D 0 , and E 0 := Γ 0 ∪ D 0 . We note
Let k ∈ N. We define F k : R → R ≥0 by
where F andg 1/2 k are defined in (3.7) and (3.6), and 
